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By Giuseppe G a b r i e l l i  . 

During r ecen t  years  severa l  very thorough and i n t e r e s t i n g  

t r e a t i s e s  have been devoted t o  t h e  i n v e s t i g a t i o n  of systems of 

s p a s  and ribs. 

ress ,  e s p e c i d l y  f o r  t h e  s t a t i c s  of c a n t i l e v e r  wings. From 

them we have obtained a c l e a r e r  i d e a  of t h e  e f f e c t  of t h e  ribs 

and have a l s o  been enabled, i n  a few s p e c i a l  cases ,  t o  calcu- 

l a t e ,  'ay r e l a t i v e l y  simple methods, the magnitude of the  pr in-  

c i p a l  e f f e c t  of  t h e  uniorr.of the spars and ribs, namely, t h e  

reduct ion  of  t h e  bending moment at t h e  f i x e d  ends o f  t h e  spars.  

These researches  r ep resen t  considerable  prog- 

The p resen t  paper t r e a t s  less of t h e  e f f e c t  of  t he  union 

than  of i t s  inf luence  on t h e  t o r s i o n a l  r i g i d i t y  of t h e  wing. 

The c a l c u l a t i o n s  a r e  c a r r i e d  out f o r  a two-spar wing of con- 

stant c ross  s e c t i o n ,  i n  vhich t h e  ribs a r e  replaced by a con- 

t i nuous  member of constant r i g i d i t y  (assuraption of an i d i n i t e  

number of  ribs). The bending r i g i d i t y  of t h e  r ibs  i s  assumed 

t o  be very g r e a t  i n  comparison with t h e i r  torsional.  r i g i d i t y ,  

as i s  the  case i n  ac tua l  p rac t i ce .  

*"Ueber d i e  T o r s i o n s s t e i f i g k e i t  e ines  f re i t ragenden  Flfigals m i t  
konstantem Holm- und Rippenquerschnittll f r o m  LuftfahrtTorschung, 
June 26, 1928, pp. 79-90, 
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The case under cons idera t ion  i s  s t r o n g l y  idea l ized .  I n  

r e a l i t y  t h e  bending and t o r s i o n a l  r i g i d i t i e s  of t h e  spa r s  vary 

throughout t h e  l eng th  of t h e  wing. Nevertheless ,  t h e  accurate  

numerical eva lua t ion  of t h i s  i dea l i zed  case i s  of some i n t e r -  

e s t ,  because i t  g ives  us an accurate i d e a  of  how t h e  ra t io  of 

t h e  bending t o  t he  t c r s i o n a l  r i g i d i t y  of  t h e  spars a f f e c t s  

t h e  t o r s i o n a l  r i g i d i t y  of t h e  wing as a whole. Above a l l ,  i t  

enab le s  us t o  t e l l  whcn t h e  to r s ion  o f  t h e  whole wing may be 

regarded merely as t h e  result o f  t he  va r ious  f l e x u r e s  of t he  

s p a r s  and when, on the  o t h e r  hand, t h e  wiDg may be regarded 

simply as a t w i s t e d  g i r d e r .  In t h i s  sense t h e  designer  can 

make approximate c a l c u l a t i o n s ,  even i n  t h e  most complicated 

c a s e s ,  on t h e  basis of t h e  following method. 

Before proceeding t o  t h e  c a l c u l a t i o n ,  we w i l l  t ake  a l o o k  

at t h e  r e p o r t s  which have already appeared, e s p e c i a l l y  during 

t h e  p repa ra t ion  of t h e  preseqt  paper. 

1. We f i n d  an a r t i c l e  by Bal lenstedt .*  He d i scusses  a 

wing s t r u c t u r e  with two  l i k e  spars  of constant  c r o s s  sec t ion ,  

and c a l c u l a t e s ,  by t h e  usual methods f o r  s t a t i c a l l y  indetermi- 

n a t e  s y s t e m ,  t h e  e f f e c t  02 the ribs i n  t h e  case o f  unsymmetri- 

c a l  loading  of t h e  spars. The wing coilsidered had n ine  l i k e  

ribs. It was assamed tha t  t h e  middle r i b  w a s  f i xed ,  so that  

t h e  calculatiorr.  simply corxerns a wing s t r u c t u r e  cons i s t ing  of 
*"Der -Einf luss  der  S!>rLnte z i f  d i e  F e s t i g k e i t  de-= Holme.tt 
n i s c l x  Berichte  de r  Flagzeugmeisterei ,  Vol. 111, (1917-1918), 
pp. 100-111. - 

- ---- _-- 
Tech- 
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? 

two spa r s  and four  ribs. On the assumption t h a t  t h e  same load  

was appl ied  at every j o i n t ,  Bal lens ted t  c a l c u l a t e s  t he  course 

of t h e  bending and t o r s i o x a l  momeats  along t h e  spars and shows 

t h e  diminution of t he  maximum benclillg xorr,ent due t o  t h e  union 

of t h e  ribs, 

2. D r .  Thalau 's  papers  coritain much valuable  material .* 

He a l s o  d i scusses  a r i g i d l y  supnorted c a n t i l e v e r  nine;, cons is t -  

i n g  of  two spa r s  an6 ribs. He de f ines  t h i s  s t r u c t u r e  as a la t -  

t i c e  g i rde r .  He chooses, as the expression of t h e  r ec ip roca l  

e f f e c t  of t h e  union of  t h e  spars,  t h e  diminution of  t h e  bending 

moment at t h e  poin t  of  f i x a t i o n  of t h e  spars  ( f i x a t i o n  c ros s  

s e c t i o n )  and shows tha t  t he  end r i b  has t h e  g r e a t e s t  e f f e c t  and 

t h a t  t h e  o the r  r ibs have only a n e g l i g i b l e  e f f e c t  on the  bend- 

i n g  moment at t h e  poin t  of f i xa t ion .  

e s p e c i a l l y  t h e  shear ing f o r c e s  produced by t h e  end r i b  i n  the  

case  of l i k e  t ape r ing  spars.. 

Eence he i c v e s t i g a t e s  

3. Biezeno, Koch and Koning rep lace  the  r i b  union by a 

cont inuous union e f f e c t ,  as i s  done i n  t h e  present  paper.** 

They d i s r ega rd  t h e  t o r s i o n a l  r i g i d i t y  of t h e  ribs and consider 

them as i n f l e x i b l e .  They g i v e  an  approximation. method f o r  t he  

case when t h e  r i g i d i t i e s  of t he  two mars have t h e  szne r a 3 o  
*"Zur Serechnung f r e i t r q y i d e r  Flugzcugfl?.gel. Z.FoM. '-924, 

p.103; 1925, pp.86-87. IlTT25er d i e  V e r b u m m i r ~ n g  VOE Rillpen 
i M I l  f rei t ragenden, zwc? holmigsn und ve3: spmungslo sen Flugzeug- 
f l u g e l ,  Z.F.M., 1925, No. 20. 
**' 'Uebe~ d i e  Ferechnung von f re i t ragenden  FlugzeugflEgeln. 
Z e i t s c h r i f t  fu r  Mech. und angew. Math. 1926, pp, 9&-105. - 

.I 
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i n  every c ros s  sec t ion .  

cons tan t  spar and r ib  cross  sec t ions  on t h e  assumption of uni- 

f o r m  loading  and c a l c u l a t e  t h s  diminution i n  the  bending moment 

due t o  t h e  union. 

L a s t l y ,  they i n v e s t i g a t e  a wing w i t h  

4. Reissner  i n v e s t i g a t e s  t he  case of a wing s i t u a t e d  

above t h e  fuse lage  ani! having trvo l i k e  spars, on t h e  assumption 

t h a t  t h e  s t r e s s e s  a re  constant  i n  every c r o s s  scc t ior r  of t he  

s p a r s  (wir,gs of  constant  s t r e n g t h ) , *  

i n g l y  simple formias  on t h e  distribution- of t h e  bending moment 

md on the  r e c i p r o c a l  reduct ion  of t h e  l o a d  on the  spa r s ,  f o r  

both syminetric,al and unsymmetrical loading. For  t h i s  case we 

can obtain-  a simple expression of t he  magnitude, which m a y  be 

de f ined  as t h e  t o r s i o n j l  r i g i d i t y  of t h e  whole wing. Reissner 

then  employs t h i s  p r i n c i p l e  t o  determine the  l i m i t s  of s t a t i c  

s t a b i l i t y  of  wings Gxposed t o  the a c t i o n  of , t he  air. 

Reissner o b t a i n s  exceed- 

5. Von K a r m a ,  i n  t he  winter serneGtar of 1925/6 i n  h i s  

l e c t u r e s  on IIIntroduction t o  the S u d y  o f  Airplanes,"  gave the  

g e n e r a l  equat ions l ikewise  on the  assumption of  an i n f i n i t e  

number of' ribs, but without t h e  hypothesis  of i n f l e x i b l e  ribs 

and with cons idera t ion  of t h e  t o r s i o n a l  r i g i d i t y  of  the  r i b s  

f o r  a two-spa  systeE a d  showed t h e  inf luence  l i n e s  f o r  t he  

l o a d i n g  cf a s p a  hy a s i n g l e  load appl ied  t o  t h e  o the r  spar. 

we sha_ll fo l low Von Kwmants l e c t u r e s  i n  t h e  app l i ca t ion  of 

t h e  d i f f e r e n t  id equations,  
*llWeuere Probleme aus der Flugzeugstat ik ,  
- 

Verbundwirkung des  . Flugelkbrpers .  It  Z.r",l.t., 1926, pp. 181-185. 
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Bending and Torsion o f  p, Cmtil -ever  Wing 

We i n v e s t i g a t e d  an unbrsced e m t i l e v e r  wing s t r u c t u r e ,  

formed by two s p a s  of uniform c ross  s e c t i o n  and -3. number of 

equal  ribs d i s t r i b u t e d  at regular  i n t e r v d s  along t h e  spars .  

The s t r u c t u r e  vzs r i g i d l y  supported at one end. For t h e  f o l -  

lowing c > l c u l a t i o n ,  however, ne assumed an i n f i n i t e  number of 

e lc r f len tsy  r ibs r e g u l a r l y  d i s t r i b u t e d  along the  spars and rc-  

p lac ing ,  i n  t h e i r  e f f e c t ,  t h e  ribs a c t u a l l y  present ,  The ribs 

w e r e  assumed t o  be i n f l e x i b l e ,  but t o  have f i n i t e  t o r s i o n t t l  

r i g i c l i t y  with r e spec t  t o  t h e i r  longi tudinal .  axes. 

If bGth spars were s t r e s s e d  by s e p w a t e  o r  d i s t r i b u t e d  

loads p ropor t iona l  t o  t h e  bending r i g i d i t i e s  of  t he  correspond- 

ing  spars, t h e  l a t t e r  ;mould be equally def lec ted .  In  t h i s  case 

t h e  behavior of  t h e  s p e s  w a s  rLot a f f e c t c d  by t h e  ribs. 

Let p, ( x )  a d  pz ( x )  denote t ' le loads d i s t r i b u t e d  

along t h e  spars; A, a id  A , ,  t h e i r  corresponding bmding  

r i g i d i t i e s ;  and x, t h e  coordinates  along t h e  spars, If we 

t h e n  have t h e  r e l a t i o n  

t h e  wiiig i s  s i z p l y  bent. By a corresponding arangement  of 

t h e  s p a r s  with r e spec t  t o  t h e  wing chord, t h e  above condi t ion  

can be f v l l i l l e d  ir- hor izonta l  f l i g h t .  This condi t ion i s  not 

f u l f i l l e d  ia d iv ing  cmd gliding fTl'igkit, due t o  t h e  t r a v e l  of 

t h e  cen te r  of p ressure ,  ,and both  spars a r e  tw i s t ed  about t h e i r  
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l o n g i t u d i n a l  a x i s  due t o  t h e i r  m i o n  through the  ribs. I n  o the r  

words ,  they a re  s t r e s s e d  simultaneously with respec t  t o  bo th  

bending and to r s ion .  Frori t h e  assumption o f  absolute  i n f l e x i -  

b i l i t y  of t h e  ribs, i t  f o l l o w s  d i r e c t l y  that t h e  angles  o f  

t o r s i o n  of  both s p a r s  have t h e  same value i n  every wing sec t ion .  

We c a l l  t h i s  angle t he  m g l e  of t o r s i o n  of the  wing i n  the  cor- 

responding c r o s s  sect ions.  

If t h e  r e s u l t a n t  o f  t h e  ex te rna l  f o r c e s  f o r  a l l  t h e  iwring 

s e c t i o n s  l i e s  between the  two spars  and d iv ides  t h e  d i s t ance  

b (F ig .  1) i n t o  two p a r t s  b, and bz ,  so  t h a t  b,/b, = A,/A,,  

t h e  wing t6en undergoes a simple bending. The poin t  0 i s  

c a l l e d  the  l l e l a s t i c  cen te r”  of t h e  given wing sec t ion .  The l i n e  

connecting t h e  e l a s t i c  c e n t e r s  of  all t h e  wing s e c t i o n s  i s  

c a l l e d  the  “ e l a s t i c  ax i s”  of  the wing. Obviously, t h e  l o c a t i o n  

of t h e  e l a s t i c  a x i s  of a wing depends on the  l o c a t i o n  of the  

spars with r e spec t  t o  the  wing chord and on the  bending r i g i d i t y  

of t h e  spars.  

with constant  o r  l i n e a r l y  diminishing bending r i g i d i t y .  

The e l a s t i c  a x i s  i s  a s t r a i g h t  l i n e  i n  wings 

If we consider  a wing w i t h  spars of constant r i g i d i t y  and 

sub jec t ed  t o  a load  p d i s t r i b u t e d  uniformly throughout t h e i r  

l e n g t h ,  t h e  wing i s  then subjected t o  a uniformly d i s t r i b u t e d  

l o a d  of 2 p and a moment o f  p (b ,  - b2). If we assume, on 

t h e  o the r  hand, t h a t  t he  spar c r o s s  s ec t ions ,  belonging t o  t h e  

same wing s e c t i o n ,  a r e  subjected t o  two equal and opposi te  

f o r c e s ,  t h e  e l a s t i c  a x i s  w i l l  then suf fer  no de f l ec t ion .  This 
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i s  designated as the  case o f  simple to r s ion .  It i s  obvious 

t h a t  t h e  genera l  case can then be l i m i t e d ,  by a corresponding 

s h i f t i n g  o f  t he  l o a d ,  t o  t hese  two i n d i v i d u d  cases.  

c a l c u l a t i o n  o f  t h e  simple bencling o f f e r s  no d i f f i c u l t y ,  we can 

limit our c a l c u l a t i o r x  t o  t h e  case  of simple to r s ion .  

Since the  

The Torsional  R i g i d i t y  o f  t h e  Wing Sect ion and 

of t h e  Ving I t s e l f  

Wiile,  f o r  an e l a s t i c  g i r d e r  ( g e n e r a l l y  of v a r i a b l e  c r o s s  

s e c t i o n )  t h e  r a t i o  between t h e  t o r s i o n  pe r  u n i t  l e n g t h  m-d the  

t o r s i o n d  moment i n  each c ross  sec t ion  has  a value dependent 

only  on t h e  c r o s s  sec t ion  i t s e l f  and cha rac t e r i z ing  t h e  to r -  

s i o n a l  r i g i d i t y  of  t he  sec t ion ,  t h i s  i s  p o t  the  case f o r  a wing 

w i t h  spa r s  of constant  c ross  section. 

I n  f a c t ,  t h e  t o r s i o n a l  ,angle 9 of a wing does not depend 

alone 3n the t o r s i o n a l  moments i n  t h e  two-spar s e c t i o n s ,  but 

also on t h e  f l e x i b i l i t y  o f  t h e  spars. The t o r s i o n a l  moriient i s ,  

i n  f a c t ,  e q u i l i b r a t e d  i n  every cross s e c t i o n  i n  part  by t h e  t o r -  

s i o n a l  moments of t h e  s p a s  ;~lld a l s o  by t h e  moment of the snear- 

i n g  f o r c e s  i n  t h e  spar  sect ions.  Obviously, these  depend on 

t h e  f l e x i b i l i t y  of t he  spars. Since the  f l e x i b i l i t y  of t he  

s p a r s  depends on the  load d i s t r i b u t i o n ,  i t  f o l l o w s  t h a t  the  ?Tal- 

uc 4' = d 8 /dx  (x being the coordinate  d o n g  t h e  wing axis) 

i n  each wing s e c t i o n  depends not only on the  rmgnitude of  t h e -  

t o r s i o n &  moment, but also on t h e  load  d i s t r i b u t i o n .  I n  other 
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words,  t h e  value 9' f o r  each sec t ion  of  a c y l i n d r i c a l  g i r d e r  

i s  propor t iona l  t o  t h e  p r e v a i l i n g  t o r s i o n a l  moment, independ- 

e n t l y  of t h e  value of t he  moment 

t h e  g i rde r .  

value and on t h e  d i s t r i b u t i o n  o f  t h e  t o r s i o n d  moment d o n g  t h e  

wing. 

M t  i n  t h e  o ther  s ec t ions  o f  

For a wing sec t ion ,  however, 9' depends on the  

For every o\;ir,g section? we ccm t h e r e f o r e  de f ine  by t he  

equat ion 
Mt = - B8' 

a t o r s i o n a  r i g l . d i t p  B, which, however, depends both on t h e  

char  a c t  e r  is.: i c  q u a n t i t i e s  ( bending azd t c r s i onal r i g i d i t y )  f o r  

t h e  spars cand. ribs =xi also on the  d i s t z i b u t t o n  o f  the  to r s ion -  

al moment along t h e  wing. Furthermore, by the  expression: 

C 

we can introduce a t o r s i o n a l  r i g i d i t y  

Thereby Xt i s  the  mexn t0rsiona.l morneat of t h e  wing; 1 ,  i t s  

l e n g t h ;  and a6 i t s  d i s t o r t i o n ,  

Bf f o r  t h e  whole wing, 

We w i l l  uncleztake t o  determine t h e  va lues  B and Bf f o r  

a wing of constant  spar and r i b  s e c t i o n  i n  the  fol lowing cases.  

1. Ving with a t o r s i o n d  moment inc reas ing  l i n e a r l y  from 

t h e  t i p  toviard the r o o t .  

2. Wing with a t o r s i o n a l  moment appl ied  at t h e  t i p ,  

I n  what fol lo7,vs  it w i l l  be shown f o r  both cases ,  t o  what 

e x t e n t  t he  t o r s i o n a l  moment i n  each wing sect ion:  i s  balanced 

by t h e  t o r s i o n  of t h e  s p a s  md by the  shear ing f o r c e s  i n  the  
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spa r  section. 

The Dif fe ren t ia l .  Equations of t h e  Spstr System on 

t h e  Assumption of I n f l e x i b l e  R i b s  

We p lace  the  x-axis of the  coordinate  p a r a l l e l  t o  the  

s p a r s  with t h e  o r i g i n  at the  wing t i p ,  t h e  d i r e c t i o n  from t h e  

wing t i p  toward  t he  wing r o o t  being considered p o s i t i v e .  The 

downward d i r e c t i o x  of t h e  axes 5 ,  and c2 i s  considered posi-  

t i v e  (Fig. 2 ) .  The following symbols a r e  used. 

B r ,  t h e  torsionall r i g i d i t y  of a rib per  u n i t  l eng th ;  

n = l /a,  the  number of  ribs pe r  centimeter l e n g t h  of 

B ,  
t h e  spars ;  

t h e  t o r s i o n a l  r i g i d i t y  of t h e  ribs per  cent imeter  
. l e n g t h  of t he  sPars (f3 = n B r ) ;  

and c a >  t h e  bending d e f l e c t i o n s - o f  t he  f r o n t  and r e a r  
spa r s ,  considered p o s i t i v e  downward ( (  = - c2); 

9, t h e  t o r s i o n a l  angle of any wing sec t ion  with the  &b- 
s c i s s a  x ( i . e . ,  t h e  t o r s i o n a l  angle o f  t h e  spars 
wi th  respec t  t o  t h e  f ixed  r o o t  s ec t ion ,  read posi-  
t i v e l y  from t h e  wing t i p  i n  t h e  d i r e c t i o n  t r a v e l c d  
by t h e  hands of a c lock) ;  . 

4 and A,,  t he  respec t ive  t o r s i o n a l  r i g i d i t i e s  of the  
f r o n t  and r e a r  spars; 

b, t h e  constant  d i s t ance  between t h e  spars; 

p1 and p,, t h e  t o r s i o n a l  moments p e r  cent imeter  l eng th ,  
which t h e  ribs transniit t o  t h e  spars, these  moments 
being considered p o s i t i v e  i n  the- d i r e c t i o n  of t he  
motion o f  t he  hm-ds of a clock as seen f r o m  the  wing 
t i p ;  

71 and 7 2 ,  t h e  bending moments pe r  cent imeter  l e n g t h ,  
which the  ribs transmit t o  t h e  spars. The same nuin- 
bers with opposi te  sips represent  t he  t o r s i o n d  mo- 
ments at the  ends of t h e  ribs. ‘rl and 72 ( a p p l i e d  
t o  t h e  spa r s )  a r e  considered p o s i t i v e ,  when they a c t  

c 
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i n  t h e  d i r e c t i o n  which conveys the  p o s i t i v e  
i n  the  p o s i t i v e  d i r e c t i o n  of t he  

axis 
x a x i s  (F ig .  2 ) ;  

p, and p2,  t he  ex tern& loading of the  spars per  cen i i -  
nieter length ;  

q,  and 92, 
r i b s  e x e r t  on the  s p a s  due t o  the  d i s t o r t i o n - o f  t h e  
ming . 

t he  loads  per  cent imeter  length ,  which the  

a )  The equi l ibr ium --- of t he  ribs.- The - conditiorY.of equili’d- 

rim for t he  f o r c e s  (Fig,  3) rcads q1 + q, = 0 and f o r  the 

moments 

From these  two equat ions we ob ta in  - 

The condi t ion of equi l ibr ium f o r  an elementary rib, with 

r e s p e c t  t o  r o t a t i o n  about i t s  ovm a x i s ,  i s  

t h a t  i s ,  

- 

b )  The equat ions f o r  t he  bending - of the  spars.- f o r  any 

c r o s s  6ect ion ( a b s c i s s a  x) of the  f r o n t  spar,  t he  fundarnenta3 

equat ion  i s  

= M,, d2 (1 *, 
i n  which M 1  denotes the  moment of t he  fo rces  a c t i p g ,  between 

the  wing t i p  and the  given cross  sec t ion ,  on the  cen te r  of grav- 
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i t y  of  said c ross  section6 

If we des igna te  by &, the  shear ing force  i n  t h e  given 

c ross  section. and consider  i t  p o s i t i v e  when d i r e c t e d  upward 

(Fig.  2 ) ,  we have 
- 

d M  
d x  -1 = - Q 1  + 7 

and consequently,  - 

= , Q , + T  

and hence - - 
dC t l = p l  + q l + -  d7 
d x 4  dx A 1  

For t h e  r e a r  spar, w i t h  t he  aid of equat ion ( 6 ) ,  we l i k e -  

wise obta in  

and 

c )  The t o r s i o n a l  equations f o r  t h e  spars.- For t h e  f r o n t  

spar the  t o r s i o n a l  equatiorrrreads B1 9’ = - M1, i n  which M, 

denotes  t h e  t o r s i o n a l  moment (about t h e  cen te r  of g r a v i t y  of 

t h e  given c r o s s  sec t ion )  of a l l  t he  f o r c e s  ac t ing  on t h e  s p a  

between t h i s  s e c t i o n  and t h e  wing t i p .  Taking i n t o  account 

t h e  hypotheses concerning t h e  p o s i t i v e  d i r e c t i o n  of 9 ,  we 
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must consider MI p o s i t i v e  wherr, as seen from t h e  wing t i p ,  
l 

i t  ac ts .  i n  t h e  d i r e c t i o n  t r ave led  by t h e  hands of  a clock. 

i s  dMl/dx = p,, i n  which pl i s  t h e  t o r s i o n a l  l o a d  of t he  

f r o n k  spar (and a l s o  t h e  bending load of  t h e  r ibs) ,  considered 

p o s i t i v e  when a c t i n g  i n  t h e  d i rec t ion-  o f  motion of  t h e  hands 

o f  a. clock, as seen from t h e  wing t i p ,  

It 

We ob ta in  

and, f o r  t h e  r e a r  spar, B2 9" = - p2. The a d d i t i o n  of these 

two equat ions g ives  

, (B, + B2) a" = - ( P I  + P a ) .  

With t h e  a id  o f  t h i s  equat ion we can transform equat ions ( 4 )  

and ( 5 )  i n t o  

and 

a r c  Bl + B2 
b 4, = 

d)  Re la t ion  between the  Flexure 8 and t h e  

Torsional Angle 9 of t h e  Spars 

From Figure 3, i t  follows t h a t  



P 
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e )  Ze la t ion  between t h e  Flexure o f  t h e  Spars and 

the  Torsion of  t h e  Ribs  

Bearing i n  mind (F ig ,  2 )  t ha t  t he  angle of  to rs ion  o f  a 

rib. of the  l e n g t h  b i s  given by 

dx dx d x  

at every po in t  of  the  a b s c i s s a  x ( c f .  equat ion ( 9 ) ) ,  we ob- 

t a i m  

and, from t h i s ,  

T = -  B a y  
b dx 

If we introduce the  value of dT/dx i n t o  equat ion (8 )  

and (8a),  we o b t a i n  

On combining t h e s e  two equat ions,  we o b t a i n  

- 
1 1 1 

P, - -P2  f -  q l -  
d4 5 d4 5, - 
d x4 d x4 A ,  A2 A ,  
- - - - -  
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If ve put  1. = 1 + _. 

A A 1  A2 
and consider equat ions (4a), (sa), 

and (9 ) ,  we obta in  

For s impl i f i ca t ion  we put 

and 
K 2 = 1 +  F b  = 1 + -  b Er 

Bl + B2 d B, + B, 
and ob ta in  

as the. f.Lral r e s u l t .  

Rela t ion  between the  Shearing Forces and Torsional  Moments 

i n  the  Cross Sec t ions  of t he  Wing Spars 

Subjected t o  Simple Torsion 

T h e t o r s i o n a l  m e n t  i s  held i n  equi l ibr ium i n  every wing 

section -by ' the shear ing f o r c e s  a d  t o r s i o n a l  moments p reva i l i ng  

i n  t h e  sect ton.  

t o r s i o n ,  E t  being the  t o r s i o n a l  moment i n  any wing sect ion,  

The condi t ion of equi l ibr ium f o r  the  po r t ion  o f  t h e  wing includ- 

ed between the  given sect ion.  md the ming t i p  ( t h e  fo rces  and 

moments i n  t h i s  por t ion  ac t ing  i n  the  opposi te  d i r e c t i o n  t o  that  

i n d i c a t e d  i n  Figure 4)  i s  

We w i l l  consider  a ming sutqjezted t o  simple 

Q1 = - Q, = Q f o r  t he  fo rces  and 
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f o r  t h e  monelzts. Si-nce 

- - i t  follows t h a t  

-Qb + (B1 + B2) 9' + Xt = 0 .  

It now follows from equat ions ( 7 )  a d  (?a) that 

and therefrom 

According t o  system o f  Eota t ion  employed 

From (15) and (16) me obta in  by subtractiox! 
- 

- A, c" '  = ( A ,  + A i ) c 2 ' "  . 
From (15) and (17) we obta in  b y  add i t ion  

A, 5" '  = ( A ,  + A,)  6,"' 
from which it follows t h a t  



,- 
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Mult iplying by A, m d  A, we ob ta in  

whence 

Equation (14) then becomes - 

and, with t h e  use o f  equat ion (9 )  

Q = A b 8'" - B 9' 

and t h e  condi t ion  o f  equi l ibr ium (13) ban ,, ,, on:e s 

- 
1 11% 

(Bb + B, + €3,) 9' = - --  9' 1 t 

Ab2 Ab2 

o r ,  w i t n  the  use  of t he  chosen abbrevia t ion ,  

16 

From equat ion (13) we obta in  
- 

ut  8' + - B, + BZ 
b b Q =  

-. r 

This equation shows t h e  r e l a t i o n  betneen t h e  shear ing  fo rces  

and tors iona3 moments of t h e  s p a s  i n  every wing sect ion.  
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Case I. Spars with Uniformly D i s t r i b u t e d  Load 
(p, and p2 being cons t an t s )  

The fundamental, equation (12)  holds  good f o r  any distribu- 

t i o n  of t h e  loads p, and % along t h e  s p a r s ,  hence a l s o  f o r  

t h e  case when a s i n g l e  fo rce  a c t s  on t h e  wing t i p .  We w i l l  con- 

s i d e r  t he  case when the  spar loading i s  uniformly 

i.e., when p, and p2 a r e  constants.  The member 

o f  t h e  d i f f e r e n t i a l  equation i s  then a constant .  

equa t ion  f o r  t h i s  case i s  

-Khx + C2 e + c , x +  
KhX $ = c ,  e 

d i  str  ibut ed,  

The general  

i n  which the  four  i n t e g r a t i o n  constants  C1, C2, C3, and C4 

a r e  t o  be determined from t h e  follo-aing l i m i t i n g  condi t ions.  

For x = 2 we have, as ZL r e s u l t  of t he  r i g i d  f i x a t i o n ,  8 = 0 

and 8' = 0,  i n s t e a d  of  x = 0, t h a t  i s ,  at t he  wing t i p  w e  

must have 8" = 0, due t o  t h e  vanishing bending moment C " .  

If it  i s  notzd t h a t  t h e  t o r s i o n a l  moment i s  zero at t h e  living t i p ,  

i t  f o l l o v s  f o r  equat ion (18)  t h a t  

i s  the f o u r t h  l i m i t i n g  condition. 
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For  these  l i m i t i x g  condi t ions  t h e  cons t an t s  become 

KhZ 1 p2\ K h t + e' 
2b K2 h2 (t a,i K2 h2 cosh K h 1 

c, = - 

K h  1 1 p2) K h 1 - e e - 2b K2 h" A, K2 X2 cosh K h Z 
G, = 

CB = 0 

- - 1 1K2% Z2 cosh Khl- 
A z /  K2 ?L" cosh K h Z ' 

-2 K h Z s inh  K h. 1 - 2 )-, 
and we have 

&. ,EL 
a =  A, A2 

2b K4 h4 cosh K h 1 
( 2  cosh K h ( 2  - x) - 2 K h 1 ( s i n h  KhZ- 

- 

- sink K x x> + K" 12 (12 - x"> cos5 K z - 2). 

p 2 ,  then 8 = 0. P When - t=- 
A, A 2  

Hence we can always reso lve  t h e  case when p1 and p2 have 

any d e s i r e d  va lues  i n t o  tvo  cases ,  tha t  o f  simple bending, i n  

which t h e  l o a d  i s  propor t iona l .  t o  t h e  bendi-ng r i g i d i t y ,  m.d t ha t  

of simple torsiom, i n  vhich the loads  of t h e  two spars are  calike 

and opposite.  

For  t h e  l a t t e r  case,  me obtain t h e  formula 

From here  on we w i l l  confine our a t t e n t i o n  t o  t h i s  case. The 
. 
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l o a d  c$n be s o  expressed tha t  the wing w i l l  be subjec ted  t o  a 

linearly v a r i a b l e  morflent o f  t h e  magnitude bft = p b x. 

a)  The t o r s i o n a l  angle i s  expressed by the  equation 

1 2  cosh K i L  ( 2  - x) - P a =  
2b A K4 h4 cosh Ii h 7, ! 

- 

-2 K h l ( s inh  K h 1 -  sinh K h x )  + 
+ K2 A" ( 7 , "  - x") cosh K h 2 -  2 ) .  

Since 
b" A h2 = B, + B,, 

we can wri te :  

a =  p b I" 1 1 2  cash K h  (7, - X)-  
2 x" (B, + B,) K2 h2 Z2 cosh K h 1 

- 

-2 K h I ( s i n h  K h 2 - sinh K h x) + 
* + i(" 21" ( 2 "  - xz) cosh K h t - 2 )  ( 2 0 )  

If me put  B i  = K2 (B, -t B2), i n  which B i  may be regarded 

as t h e  SUE cf t h e  t o r s i o n a l  r i g i d i t i e s  of t h e  spars and o f  t h e  

ribs s i t u a t e d  wi th in  t h e  d is tance  b,  t h e n  

{2 cosh K h ( 2  - x) - 

-2 X X 7, (sinh I( h 2 - sinh K A x) + 

p b I" 1 a =  
2 B i  K" h" 2" cosh R h 2 

+ K" h" ( 7 , "  - x") cosh K h 2 - 2 1. 
The terra p b Z2/2 B i  represents  t h e  angle of  t o r s i o n  

*io o f  a g i r d e r  of t h e  t o r s i o n a l  r i g i d i t y  Bi. We then o b t a i n  

. 
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x/E 

12 cosh K X (Z - x)  - 9 -  1 - -  
‘io ( K  h Z ) 2  Cr-”6h K h Z 

i 

Khl=2 I KhZ=3 1 Kh.1=4 
I 

2 K h 1 ( s i n h  K X 1 - s inh  K h x) + 

0.403 
0.314 

+ K“ h.‘ ( 2 ”  - x 2 )  cosh K h. 1 - 2 )  (21) 

0.537 
0.404 

0.530 
0.440 
0.325 

$/$io i s  p l o t t e d  aga ins t  x/Z f o r  d i f f e r e n t  va lues  of 

K A I i n  Figure 5 (Table I ) .  

TABLE 1:Fig. 5 )  

Vilues of :  

0.0 
0.2 
G.4 
0.6 
0.8 
1.0 

0.181 
0.134 
0.888 
0.046 
0.014 
0.000 

0 . 12’4 I 0.191 1 0.247 
0.038 0.057 0.08-7 

1 O.OGB i 0 0 000 I 0.000 i 
I I 

From equat ion ( 2 1 )  we ob ta in  f o r  x = O 

2 - 2 ’ 2 tan11 ‘XXI = I +  - 
(Kh E )  “ K ?L z (Khi )”  cosh Kh2 9. 

1 0  

A s  K h 2 approaches 0 3 ,  t h i s  r a t i o  approaches 1, i”nich x e m s  

tha t  t h e  wing undergoes a t o r s i o n  equal t o  t h a t  of  a g i r d e r  of 

t h e  same l eng th  with the  t o r s i o n a l  r i g i d i t y  Bi. 

So/-& i s  p l o t t e d  a sa ins t  K h 1 i n  Tigwre 6 (Table 11). 
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K h Z  

0.0 
0.1 
0 - 2  
0 0 3  
0,4 
Oe5 
0.6 
0.3 

21 

- 
',/$io Xhl ~ o / ~ i i l o  i K hZ 90/9iJ3 - - 
O*Or30 0.8 0.132 8.0 0.779 
00902 0.9 0.153 1000 0.820 
0.010 1.0 0,181 12.0 0.847 
C ,933 200 0 . 44 17 1690 0.882 
OeC4C3 300 0,559 29.0 0.305 
c; D 5*;2 4.- 0 o c  J 25.0 0.923 0 _' *-; 0 
00C80 5 e O  O,G.30 30.0 0,936 
0.105 6.0 0. ?&2 - - 

TABLE I1 (Fig.  6 )  

Values o f :  
- 

2 - 2 tanh KXt - -  - 1 +  
'io (KhZ)a K hZ (KhZ)" Gosh KhZ 

- 2 90 

b)  Torsional r i g i d i t y  of t h e  ring.-  According t o  t he  pre-  

v ious  d e f i n i t i o n ,  the t o r s i o n a l  r i g i d i t y  o f  t h e  wing i s  

Bf = 

t i o n  ( Z O ) ,  

For t h e  wing t i p  (x = 0) we obta in  from equa- pb12 
m -  

- 
t m h  K h 1 + - 

K X Z  
l 1  

K2 (B, + B,) K" h2 Z2 

1- + 2 -  1 1 
K2 h2 Z 2  cosh K X Z J  

Consequently 

- K 2  (B, + B,) 
2 - 2 2 tai?h K A Z 

Bf = 
1 +  

(K A Z)'- K h Z  (K h 2)" cosh K h 1 

A s  K h Z approaches 0 ,  Bf approaches and as K k ap- 

proaches m, Bf aTproaches Si. For r ibs without t o r s i o n a l  

r i g i d i t y ,  t h e  t o r s i o n a l  r i g i d i t y  of t h e  wing the re fo re  co inc ides  

wi th  t h e  sura o f  t h e  t o r s i o n a l  r i g i d i t i e s  of  t h e  SpcZrSe 
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Kh 1 

0.0 

However, i f  t he  r ibs had absolute t o r s i o n a l  r i g i d i t y ,  we 

would have Bf = m f o r  an i n f i n i t e l y  long wing, i . e . ,  t h e  wing 

would not be d i s t o r t e d .  B f / B i  i s  p l o t t e d  aga ins t  X h 1 i n  

Figure 7 (Table 111). 

Bf KhZ Bf 
Bi Bi 
m 1.0 5.46 

TABLE I11 (Fig.  7 )  

V d u e s  of :  

Bf = - 1 
Bi I +  2 I 2 t anh  Khl - 2 
- 

( X U ) "  K hZ ( K h l ) "  cosh KXZ 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.2 
0.8 
0.9 

400,OO 
100.00 
47 . 60 
25.00 
19 20 
12.50 
9.54 
7.68 
6-54 

1.2 
1.4 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 

' 4.52 
3.34 
3.08 
2.70 

2.08 
2 .-a6 

1.86 
1.70 
L G O  

K X Z  

4.5 
5.0 
5.5 
6.0 
8.0 
10.0 
12.0 
16.0 
20.0 
30.0 

1.56 
1.46 
1.22 
1.38 
1.28 
1.22 
1.18 
1.12 
1.10 
1.06 

c )  Torsional r i g i d i t y  of t h e  wing sections.-  This  i s  

't = ( see  equation ( 2 )  ). 8' i s  obtained from 7 7 9 '  B = -  

equa t ion  ( 2 1 )  by d i f f e r e n t i a t i o n  according t o  x. 

( K  h ( I  cosh K h x - x cosh 3 h 1 )  - P = 
B i  K h cash K )L Z 

Heremith we ob ta in  

B - K h x cosh K h 1 
e -  

B i  K h ( 1  cosh K h x - x  COS^ K h 1) - sinh K h ( z - x)* 
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0.2 
0 0  4 
006 

. 

1.748 
2.570 
5.620 

I n  Figure 8 (Table I V )  S/Bi . i s  p l o t t e d  aga ins t  K/Z wi th  

K h I as parameter. B/Bi = CD when x = 1, due t o  t h e  assixied 

r i g i d i t y  of f i x a t i o n  of t h e  wing r o o t .  

0.8 
0.9 
1.0 

TABLE IV (Fig. 8)  

Values o f :  

B -  K X x cosh K h 1 
B i  
- -  

K h (  2 cosh K h x - x Gosh K h 1) - s inh  X h ( 1  - x) 

12.488 
42 . 200 

0, 

O . o t 0 .  coo 0.000 
0.876 
1.632 
2.536 
4.710 
9.000 

m 

coooo 
0,762 
1,240 
1,752 
2.980 
4.320 

I 
m 

dr Course of t h e  t o r s i o n a l  .- moments along the  spars.- The - -  
formulas B, 9' and B, 8' give the  t o r s i o n a l  rnoxents t ransmit-  

t e d  by  a s i n g l e  spar sect ion.  

a ' ,  
t o  t h e  m e a  angle of torsion = - p b 1/Bi .  Tie have 

Table V g i v e s  us the  values  o f  

t ha t  i s ,  t h e  angle of t o r s i o n  pe r  u n i t  l eng th ,  mith r e spec t  

- x K h 1 cosh Ec h x - s inh  K h ( 1  - x) 
IC h 2 cosh K h 1 y--- 1 

I n  Fi,gure 9 a/%' i s  p l o t t e d  aga ins t  x/Z f o r  d i f f e r e n t  

v a l u e s  of K 1 (Table V). 
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I K X I = l  Kh2=2 Kh Z=3 I 1 

24 

'kxz=4 

TABLE V (F ig .  9 )  

Values of: 

- x K h I cosh i( h x - sinh K h ( 1  - x) 
-I- 

9' 
q- I K h 1 cosh K X Z 
- 

0,113 
(? ,114 
G,113 
0 - 097 

0,216 0,232 
0,228 0.281 
0.245 0.317 
0.235 0.35i 

0.0 
0.2 
0.4 
0.6 
0.8 
1.0 

C 06% 0.170 0.270 
G o  000 I 0.oGo 

0,250 
0.280 
0.355 
0,418 
0,358 
0,000 

The t a b l e  and curves c m  be used f o r  p l o t t i n g  t h e  t o r s i o n a l  

stress of t h e  spars, The maximum t o r s i o n a l  s t r e s s  does not 

come at  the  ends of t h e  spars. 

e )  Course of t h e  shear ing  f o r c e s  i n  t h e  spar sections.- 

I n  t h i s  case eqilation (19) reads  

o r  - 

9'. B, + E3 
b 

- -  - 1 +  
P X  
Q 

In t roducing  9' from equat ion ( 2 2 )  we ob ta in  
- 

-&=1+- 1 { I c o s h  K h x - s inh  K 'x ( 1  - xl 
P _ . X  K2 x cosh K h 1 K h x cosh K h 1 

For every spar  s ec t ion ,  t h e  r a t i o  Q/px determines the  po r t ion  

of t h e  ex te rna l  shear ing fo rces  he ld  i n  equi l ibr ium by the  tan- 

g e n t i a l  s t r e s s e s  i n  the  c r o s s  sect ion.  For  x = I ,  Q / p l  = 1, 

t h a t  i s ,  t h e  whole ex te rna l  load ,  which i s  appl ied  t o  t he  s p a ,  
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i s  balanced by t h e  t a n g e n t i a l  s t r e s s e s  i n  the  r o o t  sec t ion .  

K = l  

-6.83 
-2.41 

0.21 
0.39 
0.51 
0.50 
0.79 
130 

- m  
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K = l  . 2 

-4.44 
-1.37 

0.4% 
0.57 
0.65 
0.72 
0.85 
1.00 

- m  

This  i n d i c a t e s  t h a t  

Qx=o 

i .e . ,  t h e  r e s u l t a n t  of  t h e  

1 + s  9 d x = 0 ,  

f o r c e s  a c t i n g  on the  spa r s ,  as the /  
result  0 

of t h e i r  being connected by t h e  ribs, i s  zero.* I n  o the r  

words, i n  a r i g i d l y  mounted wing t h e  s p a r s  cannot mutua l ly ’ r e -  

l i e v e  one m o t h e r .  Q/px i s  p l o t t e d  aga ins t  x/Z i n  Figure 10, 

f o r  d i f f e r e n t  values‘of  K X I and K (Table V I ) .  

TABLE V I  (Fig. LO) 

Values o f :  
- 

- -  Q - 1 + L ( L  cosh K h x - s i n h  I( h ( 1  - xr - l\ 
P- x K2 cosh K h 1 K h x cosh X X 1 1 

x 
1 

0.0 
0.1 
0.2 
0.3 
0.4 
,o . 5 
0.6 
0.8 
1.0 

- K h Z = l  - 
K = l  

- 0 3  

-0.15 
0.45 
0.62 
0.72 
0.78 
0.83 
0.92 
1.00 

K=l . 2 

0.202 
0.618 
0.739 
0.806 
0.825 
0.882 
0.946 
1,000 

K=l. 4 
- 0 ,  

0.416 
0.720 
0.808 
0.857 
0.890 
0.914 
0 . 960 
1 . 000 

K X Z = 2  
K = l  . 4 
-3.00 
-0.74 
0.60 
0.69 

- c o  

1.00 

f )  Course of t he  load  r eac t ion  q along t h e  spars.- For 

every spar s e c t i o n  at t h e  d i s t ance  x from t h e  wing t i p ,  we have 

t h e  equi l ibr ium condi t ion  
X 

p x - Q = QX=O +oJ q d x 

* F i r s t  discovered by Biezeno, KocQ and! Koning (“Ueber d i e  Berech- 
nung von f r e i t r agenden  Flugzeugflugeln. It  Zeitsch. f . angew. 
Math. u. 1VTech., 1926, pp. 97-105.) 

c 
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According t o  equat ion ( 2 2 )  

26 

- 
cosh K h x s i n h  K h ( 2  - x) 

P X  cosh K h Z K h x cosh K h I 
- 

and hence 

cosh K X x sinh K h ( 1  - x) - x  
Qx=o + J  q d x = - - - - x}; 

0 K" (1 cosh K h 2 K h cosh K h I 

By d e r i v a t i o n  according t o  x 
- 

- 1). q = - -  pa {x sinh IS X x + cosh K h ( I  - x) 
K r  cosh X h Z cosh K h I 

For x = 0 (wing t i p ) ,  q = 04 For x = 2 (wing r o o t ) ,  
- 

q = - -  { K h l t a n h K X Z +  1 - l}. 
cosh K h I K" 

Figure 11 shows t h e  curve of 

K 2 4 = 1 -  K h 2 sinh K X x + cosh K h ( 1 .  - x) 
P cosh K h Z 

p l o t t e d  aga ins t  x/Z f o r  d i f f e r e n t  va lues  of K A I .  See Table 

VI1 f o r  t h e  computed values. A s  shown by Figure 11, q indi -  

c a t e s  an inc rease  i n  the  load p toward t h e  wing t i p  and a de- 

c r e a s e  toward t h e  wing r o o t .  
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0.0 
0.2 
0.4 
0.6 
0.8 
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O B o O c  OB000 
0,010 0.090 0,258 

-0.034 1 0,047 
-0.112 -0.157 1 -0.055 
-0.237 4.547 1 -0,745 

TABLE V I 1  ( F i g ,  11) 

Values o f :  

K 2 g = 1 -  K h 1 s inh  I( h x + cosh K X ( 1  - x) 
P cosh K h 1 

g) Dependence of fo rce  Qe on K 1.- For x = 0,  equa- 

t i o n  ( 1 9 )  g ives  

In t roducing  x = 0 i n t o  equation ( 2 2 )  g ives  

whence ;xre obta in  

tan!., K h 1 )  
cosn K Z K X Z  ./ 

- 1 1 . 

As K h 1 a7proaches a, Qo/p l  approaches 0. Qo/pl  is 

p l o t t e d  aga ins t  I( h 1 i n  Figure 12. The curve reaches i t s  nax- 

irnum value at about K h Z = 3 .  

, 



. 

KhZ 
0 
1 
2 
3 
4 
5 
6 
8 
10 

_. 
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K = l  

00000 
-(IL 113 
-!jn 216 
-0 233 
-C. 213 
-0 186 
-0 0 162 
-30 e 124 
-00100 
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-0.165 
-0 148 
-0,129 
-0.112 

T B L E  VI11 (Fig,  1 2 )  

-0,118 
-0,108 
-0.095 
-0.082 

Values o f :  

t anh  X h 1 - Qo - 1 
cosh K A i Kh I 

Case 11, Wing Subjected t o  a Constant Torsional  Moment 
Applied t o  I ts  Tip 

We shall  assume tha t  t h e  wing i s  subjec ted  t o  t h e  act ion 

of a t o r s i o n a l  moment, exer ted ,  e.g., by two equal and opposite 

f o r c e s  ac t ing  on t h e  spars. These p rodme  t h e  same t o r s i o n a l  

moment Mt = P b,  i n  every wing sect ion.  Since pl = pz = 0, 

t h e  fundamental equatiom- ( 1 2 )  now becomes 

The genera l  i n t e g r a l  of t h i s  equation i s  
- - 

I ihX -Khx 
d = C , e  + C, e + c, x + c,, 

where C,, C,, C, and C 4  are t h e  four  i n t e g r a t i o n  constants .  

The l i m i t i n g  condi t ions  f o r  t h i s  case a r e  
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whence ve o b t a i n  

n 

29 

2 A b" K3 h3 cosh I( h 1 - 1  

Mt c ,  = - 
2 d b" K3 h3 cosh K h 1 

ut 
A b" x" I? 

c ,  = - 

tanh K h 1 
I 

/ 
c ,  = - 

and 

s inh  K h x - s inh  K h 2 + Mt 8 =  
IC" h3 A b" cosh K A I 

+ K X ( I  - x) cosh K h 2 (24)  

a)  Course o f  t h e  t o r s i o n a l  angle along t h e  wiEg.- If we 

in t roduce  h" = B 1  + 

equat ion  (24 )  i n  the  f o r m  

as i n  equation (12), we can then wr i te  
A b' 

8 =  ( s i n h  K h x - If (B1 + B,) K ' h  1 cosh K h Z 

- s inh  K h  2 + K X 1 ( I  - x) cosh K h Z]- (24a) 
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X - 
I 

0.0 
0.2 

0.5 
0.8 
1.0 

t 0.4 

According t o  St.  Venant's theor r  

KhZ=l Kh2=2 KhI, =3 

0,240 0,518 0,672 
0.170 0.373 0,490 

0.050 0.118 0,167 
0,014 0.032 0.043 
0. oco 0.000 0.000 

0.105 C,236 0,318 

30 

i n d i c a t e s  t he  maximum m g l e  of t o r s i o n  of a g i r d e r  of lengt,, Z a m  

to r s ion21  r i g i d i t y  B i  = IC2 (B1 + B2). Then 

I n  Figure 13, */ai0 is p l o t t e d  aga ins t  x/t f o r  va r ious  con- 

stant v,dues of K h 2. The dash-dot l i n e  here r ep resen t s  t h e  

func t ion  a i /$ io ,  i n  which 81 i s  t h e  angle of t o r s i o n  along 

t h e  g i rde r .  

TABLE I X  (Fig.  13) 

Values o f :  

- -  9 - I - - -  x tmh K h I, + -- s inh  K X x 
* i o  2 K h l  K h I, cosh K h 7, 

From equat ion ( 2 5 )  we ob ta in  f o r  x = 0 
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0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
O e 7  
0.8 
0.9 
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Om003 
0.014 
0.024 
0.050 
0.075 
0.105 
0,136 
0.170 
0.205 

*o/*io i s  p l o t t e d  against  K h I i n  Figure 1 4  (Table X ) .  This 

r a t i o  approaches 1, as K h I approaches 0s. I n  t h i s  case t h e  

wing behaves l i k e  an ordinary g i rde r  with a t o r s i o n a l  r i g i d i t y  

equal  t o  t he  sum of  t h e  t o r s i o n a l  r i g i d i t i e s  of t h e  spars and 

r i b s .  

Values of:  

TABLE X (F.ig. 14)  

tanh K h 1 
Kh 2 

- -  - 1 -  80 
* i o  - 

Kh I 

1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 

0.240 
0.306 
0.367 
0.426 
0,473 

0.604 
0.679 

0.749 

0.5i5 

Om714 

Mt Z 
b) Torsional r i g i d i t y  of t h e  wing.- This  I s  Bf = 7 

0 
F o r  x-= 0 ,  equation (24a) gives  

tanh K h 1 
- K h Z  

fJLt L 8 -  
- K" (B, + B 2 )  

B i  Hence 
Bf = 

tmh K h 1 
K h  74 

1 -  

B f / B i  i s  p l o t t e d  against  K h Z i n  Figure 15 (Table X I ) .  

Bf approaches a, as K h 1 approaches 0. 

Bf approaches B i ,  as K h t approaches QD.  
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TABLE X I  (Fig. 15)  

Values of :  

0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0 .‘8 
0.9 

- 
Bf 
F i  

3f!3 . 00 
Tj-. 50 
35.70 

13020 
9.52 
7.36 
5.90 
4.88 

- 
- 

03 

kc000 

1.2 
1.4 
1.6 
1.8 
2.0 

*2.5 
3.0 
3.5 
4.0 

4.18 
3.27 
2.72 
2.35 
2.11 
1.94 
1.65 
1.49 
1.40 
1.33 

4.5 
5.0 
5.5 
5.0 - 
- 
I 

- - ! c 
1 I I 

c )  Torsional  r i g i d i t y  of the wing sect ion.-  Th i s  i s  

B = -  Mt/9’ ( c f .  equation ( 2 )  ). m e n  d i f f e r e n t i a t e d  with re- 

spec t  t o  x (equat ion (24a)  ) ,  

9 ’ =  Mlt cosh K X x - cosh K 1). (26)  
r 

K2 (B, + B,) cosh K h 1 

Hence 
K2 (73, + B,) 

cosh IS ?,” 5; ’ 
cosh  K h Z 

B =  
1 - -  

and 

A t  t he  wing r o o t ,  due t o  t he  assumed r i g i d  f i x a t i o n ,  we have 

B / B i  = a. B / B i  i s  p l o t t e d  against  x/Z f o r  d i f f e r e n t  values  

of K h 1 i n  Figure 16 (Table XII). 
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TllBLE XI1 (Fig. 16)  

Values o f :  

0.0 
0.2 
0.4 
0.6 
0.8 
0.9 
1.0 

2.840 
2.950 
3.350 
4.320 
7 . 500 

14.300 
co 

1.360 
1 . 400 
1.555 
1.920 
3.18 
5.75 

03 I 

1.115 
1.142 
1.280 
1.445 
2.230 
3.780 

Q, 

33 

I I I 

d )  Course of t he  shear ing fo rces  i n  the  spar s e c t i o n s  along 

--- t h e  wiGg.- IE t h i s  case equation (19) r eads  

Using equation ( 2 6 )  f o r  9' we o b t a i m  

Q =  .z P {cosh K h x - cosh K h  1 
I(: cosh K h  t 

and 
& = 1 - -  cosh  K h x) 
P K" - cosh K A I /  

F o r  x = I (wing r o o t )  we- obtaim Q/P = 1. For x = 0 (wing 

t i p )  we obta in  

?. Q o = 1 - -  1 - cosh K X 1 1  
- 
P K" 

For very long o r  very f l e x i b l e  wings t h i s  equation can be v a i t -  

t e n  
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If K = 1, t h a t  i s  

me ob ta in  Q/P = 0 

t h a t  t h e  t o r s i o n a l  

Menorandun No. 520 34 

i f  t he  torsionaJ.  r i g i d i t y  of  t h e  ribs i s  0 ,  

f o r  t h e  wing t i p ,  i .e. ,  Q = 0. This means 

moment o f  t he  wing near  i t s  t i p  i s  balanced 

only by the  t o r s i o n  of t h e  spars. 

I n  t h e  case when t h e  ribs have an i n f i n i t e  t o r s i o n a l  r i g i d -  

i t y ,  E = P f o r  every spar sec t ion .  The t o r s i o n a l  moment is 

then balanced o n q  by t h e  shear ing f o r c e s  ac t ing  i n  t h e  spa3 

sec t ions .  The shear ing fo rce  Qo at t h e  wing t i p  f o r  x = 0 

(equat ion  ( 2 7 )  ) i s  

Qo approaches P (1 - $), as K h 2 approaches OJ 

Q, approaches p ,  as K approaches a. 
\ K )  

Q,/P i s  p l o t t e d  against  K X 1 i n  Figure 1_7 (Table XIII). 

TABLE XI11 (Fig. 1 7 )  

Values o f :  

Kh1 

0 
1 
2 
3 

5 
6 
8 
10 

4- 

K=l 
1.000 
0.618 
0.2€5 
0.099 
0.036 
0.013 
0.009 - 0.000 

N 0.000 

K = l .  2 

1.000 

0.490 
0.3'75 
0.330 
0.314 
0,310 
0.307 
0.306 

OJ56 

K=l . 4 

1.000 
0.821 
0 . 626 
0.540 
0.510 
0.496 
0.493 
0.491 
0.490 
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K X Z = l  
K = l  K=1.2 ' K = 1 . 4  

0.648 0.756 0,821 
0.661 0.765 0.827 
0.700 0.792 0.~47 
0.768 0.839 o . m i  
0.868 0.908 0.932 

- 1.000 1,000 1,000 - 

35 

-- 
K h Z = 2  i K X _ t = 3  

K=l Kz1.2 K-1.4 I K=l Kz1.2 IC-1.4 
10.256 0.490 0.626 0.099 0.375 0.520 
0.288 0.505 0.637 0.117 0.387 0.550 
0.358 0.555 0.675 0.18D 0.230 0,581 
0.487 0.648 0.735 0.307 0.519 0,646 
0.686 0.782 0.840 0,553 0.687 0.770 
1,000 1,000 1.000 11.000 1.000 1.000 

From these  cons idera t ions  it f o l l o w s  that an increase  i n  

t h e  t o r s i o n a l  r i g i d i t y  of t h e  ribs e n t a i l s  an increase  i n  the  

t o r s i o n a l  r i g i d i t y  of t h e  wing and consequently a diminution of  

t h e  t o r s i o n a l  moment accompanied by a simultaneous increase  o f  

t h e  shear ing f o r c e s  i n  t h e  spars. Q/P i s  p l o t t e d  against  x/l 

at d i f f e r e n t  va lues  of K X 1. and K i n  Figure 18 (Table XIV). 

TABLE XIV (Fig.  18) 

Values o-f: 
cosh K X x\ P cash I( X l /  

e )  Course o f  t he  supporting r e a c t i o n  q along t h e  wing.- - 
I .----_-x_I--_ 

It was found t h a t  equation ( 2 7 )  which, a f t e r  t ransformation,  reads 

 COS^ K h x)] & = P  [ l - l ( l -  ' 9  K2 \  COS^ K ?\ Z /  

h o l d s  good f o r  every spar sect ion.  Q i s  t h a t  po r t ion  of  P 

which i s  b d a n c e d  i n  every spar s ec t ion  by t h e  t a n g e n t i d  s t r e s s e s  

cash K h X )  is bal- cosh K h l " ;  
The o the r  part  of P ,  namely, P L(1 - 

If t 
anced by t h e  f o r c e s  t ransmi t ted  by the  r ibs t o  t he  po r t ion  of 

t h e  spa r  between t h e  wing t i p  m d  the  given c ross  section. 

Therefore  we may wr i te  

cosh K h x) - cosh K h 1 1  

X 
Q 0 + $  q d x = - P -  

K" 0 

. 
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0.000 0.000 
0.130 0.109 
0.266 0.236 
0 . 412 0.402 
0,576 0.632 
0 . 7G2 0.964 I 
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0.000 
0.063 
0.150 
0.292 
0.542 
0.996 -__- 

by d i f f e r e n t i a t i n g  which we obtailr 

q = O for x = 0 (n ing  t i p ) .  

t a h  H X 1 f o r  x = 1 (wing r o o t )  , 
Mt x q = -  b ?  

q approaches 0 as IC appro:zches CO, t h a t  i s ,  f o r  

ribs n i t h  absolute t o r s iona l  z i g i d i t y .  q - b K" i s  

p l o t t e d  nzainst  x/Z for d i f f e r e n t  va lues  of K h 1 

i n  Figure 19 (Table XV). 

A X t  

TABLE XV (Fig. 19) 

Values o f :  

0.0 
O b 2  
0.4 
0.6 
0.8 
1 b O  

-- 

f) Course o f  t h e  t o r s i o n a l  moment d o n g  t h e  spars.- Equa- 

t i o n  ( 2 6 )  was transformed i n t o  

According t o  St.  Veiiantts theory,  the  r a t io  

. 
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K X Z = 1  I K h k 2  I KXZ=3 
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KhZ=4 

37 

r e p r e s e n t s  t h e  constant increment of t h e  t o r s i o n a l  angle of a 

cyl indr ica l .  g i r d e r  o f  t o r s i o n a l  r i g i d i t y  Bi. Ve put  

with which equat ion (28)  can be wr i t t en  

cosh K h x 
v=1- cosh K h Z 
9' 

TABLE XVI (Fig.  20)  

Values o f :  

9' cosh K h x 
T = 1 -  cosh K h t 

I I 

0.0 

0.4 
002 

0.6 
0.8 
1.0 

0.352 
0.339 
0.299 
0.232 
0.133 
0 . 000 

0.735 
0.714 
0.644 
0.520 
0.315 
0.000 

0.896 
0.876 
0.820 
0 . E92 
0.450 
0.000 

0.964 
0.950 
00906 
0 796 
0.550 
0.000 

I I I I 

This r a t i o  i s  ev ident ly  propor t iona l  t o  the  t o r s i o n a l  mo- 

ment i n  every sec t ion .  91/8iI i s  p l o t t e d  against  x/Z f o r  

d i f f e r e n t  va lues  of K h 1 i n  Figure 20 (Table X V I ) .  
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S u m m a r y  

The present  paper i s  confined t o  t h e  case of  a c m t i l e v e r  

wing with constant  spar  and r i b  sec t ions .  Although t h i s  assump-l 

t i o n  i s  seldom borne out i n  p r a c t i c e ,  neve r the l e s s  t h e  inves t i -  

g a t i o n  of t h i s  simple case enables  us t o  g a i n  a c l e a r e r  i d e a  of 

how t h e  d i s t o r t i o n  of a two-spar ming i s  e f fec ted .  
. .  * . I  

The q u a n t i t y  
I 

B, -t B, 
A 

f i r s t  e n t e r s  i n t o  t h e  computation as t h e  e s s e n t i a l  paraxEter. 

The tzbles  a n d  f i g u r e s  show t h a t ,  f o r  small va lues  of t h i s  pro- 

p o r t i o n a l i t y  f a c t o r ,  t he  d i s t o r t i o n  depends c h i e f l y  on the bend- 

ing r i g i d i t y  of t h e  spars, I n  o ther  words, t he  d i s t o r t i o n  i s  

t h e  r e s u l t  of t he  d i f f e rence  i n  the  d e f l e c t i o n  of t h e  t w o  spars. 

A t  l a r g e  va lues  of X I ,  however, t h e  wing behaves essen- 

t i a l l y  l i k e  a tw i s t ed  g i r d e r  whose t o r s i o n a l  r i g i d i t y  equals 

t h e  sum of t h e  t o r s i o n a l  r i g i d i t i e s  of t h e  spars (s t rengthened  

t o  a c e r t a i n  ex ten t  by t h e  t o r s i o n a l . r i g i d i t y  of t h e  r i b s ) .  

The second parameter 

K =  1 + -  
d B, + B, 

as previous ly  remarked, expresses  t h e  e f f e c t  of t h e  t o r s i o n a l  

r i g i d i t y  of t h e  ribs. The t a b l e s  f u r n i s h  accurate  information 
e 

regard ing  t h i s  e f f e c t .  For l a r g e  values  of h 1 ,  t h i s  e f f e c t  

can be s o  expressed tha t  it is  on ly  necessary t o  add t o  t he  t o r -  
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s i o n a l  r i g i d i t y  of  t he  spars t h e  t o r s i o n a l  r i g i d i t y  of t he  r ibs  

pe r  l eng th  u n i t  b (d i s t ance  between t h e  spars). 

A l l  t he  c a l c u l a t i o n s  were m d e  on t h e  assumption that the  

system of r ibs  ccm be replaced by a uniformly d i s t r i b u t e d  e l a s -  

t i c  unioc. I t  i s  a f l i r ther  t a s k  f o r  the'ory and experimentation 

t o  determine t o  what ex ten t  t h i s  assumption w i l l  g ive s u f f i c i e n t -  

l y  accura te  r e s u l t s  f o r  p rac t i cz i l  purposes. 

T rans l a t ion  by Dwight 12. Miner, 
Nat ional  Advisory C o m i t t e e  
f o r  Aeronxxtics. 
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